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1. INTRODUCTION 
We study the boundary value problem 
-Au(x) = A@), x E Q2; (1.1) 
U(X) = 0, XEaSZ; (1.2) 
where A is the Laplacian operator, Q is the unit ball in IRN, N 1 1, f: [0, 00) + R is a 
concave smooth function such that 
f(O) < 0. (1.3) 
Nonnegative solutions to (1 .l)-( 1.2) are known to be positive and radial (see [ 11). Also for 
(1 . l)-(1.2) to have a positive solution it is necessary and sufficient that 
.r 
u 
SW d!J > 0 for some a! > 0. (1.4) 
0 
In fact, the results of [2] and [3] show that for any smooth bounded region the equations 
(1 . l)-( 1.2) have positive solutions for A > 0 large if (1.4) holds and 
lim f'(u) 5 0. (1.5) 
u-m 
On the other hand, since positive solutions to (1 .l)-(1.2) are radial then u(r) = U(X) for 
llxlj = r satisfies 
v”+N- l -u’ + Af(u) = 0, r E [O, l] U’(0) = U(1) = 0. (1.6) r 
Letting F(t) = ji f(s) ds, we see that E(r) = (~‘(r))~/2 + F(u(f))) satisfies 
E’(r) = -f (u’(t))2 I 0. (1.7) 
Since E(1) 2 0 we have that either E(0) = F(u(0)) > 0 or v is a constant function. Since 
no constant function satisfies (1.6) we conclude that (1.4) is also a necessary condition for 
(1 .l)-(1.2) to have a solution. 
t Partially supported by NSF Grant DMS-9215027. 
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Fig. 1. 
The rest of the article is devoted to showing that if (1.4)-(1.5) hold then the set of 
positive solutions to (l.l)-(1.2) corresponds to Fig. 1. That is, we prove the following 
result. 
THEOREM 1 .l. If (1.4)-(1 S) hold then the set of nonnegative solutions to (1 .l)-(1.2) is 
connected and, for each Iz > 0 it has at most one stable solution and one unstable solution. 
There exist positive numbers 0 < A1 c J_, such that: (1. I)-( 1.2) has a stable solution if and 
only if L > 1r, and (1 .l)-(1.2) has an unstable solution if and only if 1 6 [A,, AZ]. 
Since Theorem 1.1 was proven in [4] when lim, + m f ‘(0) = 0 we restrict ourselves in this 
paper to the case where f has a second positive zero. That is, we assume f to be like in 
Fig. 2, whereF(B) = 0 and f '(r) = 0. We note that without loss of generality we can assume 
that 13 > r. A key piece in the proof of Theorem 1.1 is showing that, for 1> 0 large, (l.l)- 
(1.2) has a unique positive solution. When lim, _) m f'(u) = 0, this proof was given in [S]. 
Fig. 2. 
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In this case it is shown that solutions to (1 . l)-(1.2) satisfy /u’(r)/ = O(A) for r close 
to 1, which is not valid when lim, +,, f’(u) < 0. In the latter case 1 u’(r)] I O(A”‘) for all 
r E [O, I]. 
Equations such as (1 . l)-(1.2) arise, for example, in population models in the presence 
of “harvesting”. 
2. A PRIORI ESTIMATES 
The arguments of this, and the next, section hold under assumptions weaker than 
concavity. For the sake of simplicity we assume that 
f’ > 0 on [0, r) and f’ < 0 on (7, a]. (2.1) 
Let (A, U) be a positive solution to (1 .l)-( 1.2). Since u is radial we have 
U”+N- l -24’ + Ilf(U) = 0, r E [O, l] U’(0) = U(1) = 0. (2.2) r 
We now prove the following. 
LEMMA 2.1. There exist positive constants c and 3 such that if u is a positive solution to 
(2.2) then (u’(r))’ 1 c;l if u(r) I 7 and L > 1. 
Since u is positive u(O) > /?. Let r,, E (0, 1) be such that u(T,-,) = /3/2 and u(r) I /3/2 for 
all r E [rD, 11. Multiplying the second order differential equation in (2.2) by rNel and 
integrating on [r, l] we have 
1 
r N-lU’(r) = U’(1) + L P-‘f(u(s)) d&s 5 
I 
@$l _ #“) (2.3) 
for r E [rot 11. Since r I 1 we have u’(r) I Af(b/2)( 1 - r). Integrating on [r,-, l] we have 
-/3 I Aj-(/Y/2)(1 - r,,)‘. Thus 
-9 
(1 - bd2 5 Af(8,2) f (2.4) 
Therefore, there exists rl E [rO, I] such that 
U’(Ti) I -(--/3~~(p/2))“2/2 = -c1P’2. 
Let r, c rl be such that u(r2) = /3. Arguing as above for r E [r2, rl] we have 
s 
r1 
P%‘(r) = $-iU’(ri) + 1 s”-‘f(U(.s)) d&s I -,~-lcJ’? 
I 
(2.5) 
(2.6) 
Integration of the latter inequality on [r2, ri] yields 
Hence 
-/y 5 --r;-icJ1’2 
s 
r1 s’-NdS I -CIP(r, - r2). (2.7) 
‘2 
B rl - r, 5 -. 
ClA 
(2.8) 
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Now replacing in (2.6) rr by r2 , using (2.6) and that f attains its maximum value at r we 
conclude 
s 
‘2 
rN- ‘u’(r) = rF-1u’(r2) + A P ‘f(u(.s)) d&s 
, 
5 -r2N-1c,A1’2 + Af (7) y 07 - rNh (2.9) 
for r I r,. Since (r: - rN) I Nry-’ (r2 - r), from (2.9) we see that for r, - r I c,/2f (T)A1’2 
u’(r) 5 -(~i/2)L”~. (2.10) 
Let r3 = r, - c,/2f(t)r21’2. Integrating on [r3, r2] we have 
2 
Cl 
0 > u(r3) L p + - 
4f (5) * 
(2.11) 
Since (1.5) implies that f is bounded, and since E(r) s E(0) = AF(u(0)) for all r E [0, 11, 
we have 
[u’(r)\ s ~~12~‘~ for all r E [0, 11. (2.12) 
Let tl 2 (0 + a)/2 > t > r,, > /3 be such that f(to) = f(T1) = minlf((f3 + 0)/2), 
f(P + c:/4f(7))). Let 0 < r, < r4 < 1 be such that u(r5) = 71 and u(r4) = 70. Note that, 
by (2.1 l), r, > r, . Since f (u(s)) L f(q) for all s E [rs , r4], we have 
‘4 
r4 N-1u’(r4) = ry-lu’(rs) - J. s”-‘f@(s)) d&Y 
rs 
_ f(%l)~ < -,(r4 - rs)(r~-’ + . . . + r,“-‘). 
This and (2.12) imply 
c2N 
rs 1 r4 - p2f(70) * 
Now using (2.4), (2.8), (2.13), rl 1 r,, r, > r3 we conclude 
r, 2 r3 - 
= r, - 
2 rl - 
c2N 
A1’2f (70) 
Cl c2N 
> 
l/2 - - 
+ 2f(r) +f(70) 1- 
(2.13) 
e 1 - c3p’2. (2.14) 
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Finally we estimate 1 u ‘(r) 1 for u(r) 5 t. From the definition of E, for A sufficiently large 
and U(T) 5 r, we have 
(u’(r))2 = (U’(# + 21(F(u(r,)) - F@(r))) - 2 
s 
r * ds 
.,@(!$A!) -&)) _(l -.r(c:9 
1(+) -E+ =cA (2.15) 
where we have used (2.14) to estimate 1 - r, and that r 1 r, for u(r) I r. 
3. UNIQUENESS OF POSITIVE SOLUTIONS FOR L LARGE 
By the maximum principle, and because f(a) = 0, we see that if (1 .l)-(1.2) has a 
positive solution than it has a maximal positive solution. Thus if we assume that (l.l)-(1.2) 
has two positive solutions u and D, without loss of generality, we can assume that 
V(X) > u(x) for all x E CL We let z = u - u, and sl, s,, s3 E (0, 1) such that u(sr) = rl, 
u(.sJ = t = tl(s&. Since u and u are radially decreasing we have s1 < s2 < s3. By (2.1) and 
the definition of s, we have f(v(s)) - f(u(.s)) I 0 for all s E [0, s2]. Hence, letting 
z = u - u we have 
t N-y(t) = -1 i &l (f(m) - f(W)) b 2 09 (3.1) 
Jo 
for all t E [0, .s2]. Since z’(1) I 0 we have 
5 
$1 
P- ‘(f(u(s)) - f(M)) d.s 
0 
This, (2.14), and (3.1) imply 
rs1 
kl sN-‘(u(s) - u(s)) ds I J d+ lu@(~)) - fMs)N ds 0 0 
I s 1 ~N-‘mm) - fWN) h Sl 
I c3 k2A-1’2 max(z(s); s E [sl, 11) 
I c3k2A-1’2max(z(s);s E [s2, l]), (3.2) 
where k, = mint-f’(t); t E [TV, a]), and k2 = max(lf’(t)l; t E (0, a]]. Now we are ready 
to prove the uniqueness of positive solutions for (1 .l)-( 1.2) when 1 is large. 
THEOREM 3.1. There exists I, > 0 such that if A > A0 equation (1 . l)-( 1.2) has a unique 
positive solution. 
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Proof. Recalling the Pohozaev identity (see [5]) we see that 
s 
1 
(U’(l))2 = 212 sN-‘P@(s)) ds, 
0 
where P(t) = ZVji f(s) ds - ((N - 2)/2)tf(t). Similarly for (v’(l))‘. This, (2.15) and (3.2) 
give 
k3c3 mMz(4; s E b2, 11) 
= k4 m=(z(s); s E [sz, 111, (3.3) 
where k3 = max(lP’(t)l; t E [0, a]). Because f(u(s)) -f@(s)) > 0 for s E [s3, l] we have 
s 
1 
SN-lZ’(S) = z’(1) + A sN-‘(f(o(.s)) - f(u(s)) ds 1 z’(1). (3.4) 
s 
Since for II large sy-l > l/2 [see (2.14)], we have z’(s) 1 -2k,max(z(.s);s E [sZ, 11) for 
all s E [s3, 11. In particular, by (2.14) we have 
z(t) s 2k, max(z(s); s E [s2, ~])c~A-“~, (3.5) 
for all t E [s3, 11. Since this implies that u(s3) 1 r - 2k, max(z(s); s E [s2, I])c~L-“~, by 
(2.15) we have s2 1 s3 - 2k4 max]z(s); s E [s2, l])c,A-‘1~“~. Now for t E [s2, s,] we have 
s3 
F'z'(t) = 4+lz'(.s3) + A 
s 
sN-‘(f (W) - f MS))) d.s 
t 
2 -max(z(s); s E [s2, 11) 2k., + (f (9 - f (0))2k, c3 cl/2 (3.6) 
Thus for A sufficiently large we have 
z’(t) L -2 max]z(s); s E [s2, 11) 2k4 + (f (7) - f (0))2h ~3 cl/2 
> 
, 
for t E [s2, s3]. Now for t E [s2, 11 and A sufficiently large, by (3.5) we have 
z(t) I ~c~A-“~ max(z(s); s E [s2, 11) 2k, + (f(T) - f (0))2k, c3 cl/2 
> 
5 (l/2) ma&(s); s E [s2, 11). (3.7) 
Since (3.7) implies that z = 0 on [s2, 11, by uniqueness of solutions to initial value 
problems we see that u = u, which concludes the proof. ??
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4. PROOF OF THEOREM 1.1 
Here we use extensively the developments of [4]. 
For 1 > 0, d > 0, let u( -, A, d) denote the solution to the initial value problem 
N- 1 
u” + - r u’+Ilf(u)=O r E [0, 11, u’(O) = 0, u(O) = d. (4.1) 
Using the fact that f is concave and lim,,, f’(u) I 0, it follows that the function 
u( -, A, d) has the following properties: 
(a) If u(. , A, d) > 0 in [0, I), ~(1, Iz, d) = 0, then u,,(*, A, d) = 0 has at most one zero 
in [0, I]. 
(b) Ifu(~,~,,d,)>Oin[O,1),u(l,l,,d,)=0,andu,(l,rZ,,d~)=Othenu,(l,IZ,,d~)~O 
and u&l, A,, d,) > 0. Moreover, there exists E > 0 and a differentiable function 
A: (d, - E, d, + E) -+ R 
such that ~(1, A(d), d) = 0, A’(d,) = 0 and A”(d,) > 0). 
(c) If r c R2 is a connected component of l(n, d); u(*, A,,, do) > 0 in [0, l), 
~(1, A,, do) = 0, then r is unbounded in the 1 direction. 
These properties were proved in Lemmas 1-3 in [4] in the case lim,,, f ‘(u) = 0. However 
we point out that in Lemma 3 of [4] the proof misses the observation that for each P > 0 
there exists an M(p) such that I(&, I M(p) for every A E (0, P), which follows from 
Km,,, f ‘(u) = 0. In the case lim,,, f’(u) c 0 it is easy to observe that M(p) = ci. 
Further since there are no positive solutions for L > 0 small, we must have 
(d) There exists (12,) d,) E r such that ~~(1, Al, d,) = 0. 
Now from Theorem 3.1 and (c) we see that 
((A, d); u(. , I,, do) > 0 in [0, 11, ~(1, lo, do) = 01 = r 
is connected. From (b) and the implicit function theorem we see that r is a differentiable 
curve. Also, by the uniqueness of solutions to the initial value problem (4.1) 
u(r/p, A, d) = u(r, L/p2, d), for any p > 0. (4.2) 
Suppose that (CY, d) E r and (8, d) E r with (Y < 8. Using (4.2) we see that 
u((cY//?)“~, /3, d) = 0. Hence for 1 = B equation (l.l)-(1.2) has a solution with interior 
zeros (r = a//3). Because nonnegative solutions to (l.l)-(1.2) are positive we have a 
contradiction. Thus for each d > 0 there exists at most one A > 0 such that (A, d) E r. 
Therefore the function A in (b) can be extended to A = (d; (,I, d) E for some Iz > 0). 
Also by (b) the number d, is unique, A’(d) 7 0 for d 7 d,, and A’(d) < 0 for d < d,. 
Because nonnegative solutions to (1 .l)-(1.2) satisfy u(O) > 0, d2 = inf A 1 0. Since, by 
Theorem 3.1, the problem (1 .l)-(1.2) has a unique solution for 2 large, and because of 
results [2] for A 7 0 large this problem has a stable solution, we conclude that for 1 7 0 
large enough ~(1, il, d) 7 0. On the other hand since A’(d) < 0, for d E (d,, d,), we 
have ~(1, A(d), d) < 0, and by uniqueness for 1 large we have limd+dz A(d) < a.0 
Further, by continuous dependence of solutions to (4.1) in parameters we see that 
(lim, .+ dZ A(d), d) E r. Taking A2 = lim,,Q A(d) the theorem is proven. W 
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